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Abstract. We investigate the geometric properties of lightlike surfaces in the Minkowski 
space M 2 ' 1 , using Cartan's method of moving frames to compute a complete set of local 
invariants for such surfaces. Using these invariants, we give a complete local classification 
of lightlike surfaces of constant type in M 2 ' 1 and construct new examples of such surfaces. 



1. Introduction 

Lightlike surfaces in Minkowski space have been the subject of much attention in recent 
years, largely due to their importance in the theory of general relativity. Some classification 
results have been obtained for special categories of lightlike surfaces; for example, in [1] it 
is shown that an entire lightlike hypersurface with zero lightlike mean curvature must be a 
lightlike hyperplane, while in jl] it is shown that the only lightlike surfaces of revolution are 
lightlike planes and light cones. 

In this paper we undertake a much more general classification problem: our main result 
is the complete local classification of lightlike surfaces of constant type in IR 2 ' 1 (cf. Theorem 



4.2). (The precise definition of "constant type" will become clear during the classification 
process; it is roughly similar to the notion of a regular surface in M 3 containing no umbilic 
points.) We use Cartan's method of equivalence to construct a complete set of local invariants 
for lightlike surfaces of constant type; we then use these invariants to construct canonical 
local coordinates for lightlike surfaces and give a local normal form for lightlike surfaces 
parametrized with respect to these coordinates. 

The paper is organized as follows: in §[2] we briefly review the necessary definitions and 
introduce the notion of adapted frames for lightlike surfaces, together with the associated 
Maurer-Cartan forms; in £j3]we carry out the equivalence method to compute local invariants 
for lightlike surfaces of constant type; in §|4] we derive a local normal form for parametrized 
lightlike surfaces, and in §|5] we use this normal form to construct new examples of lightlike 
surfaces. Some of the key features of our classification are: 

• In addition to lightlike planes and light cones, we find that there is a much larger 
family of lightlike surfaces which we call non-conical; in fact, the family of non-conical 
lightlike surfaces is locally parametrized by one arbitrary function f(v) of a single 
variable. 

• The non-conical lightlike surface associated to a given function f(v) is closely related 
to the Sturm-Liouville operator (j^) — \f(v)\ specifically, the coordinate functions 
of the parametrization for the associated surface are given in terms of solutions to 
the Sturm-Liouville equation h"{y) — \f{v)h{v) = 0. 

• Every lightlike surface of constant type in IR 2 ' 1 is ruled by null lines. 
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2. Lightlike surfaces in IR 2,1 , adapted frames, and Maurer-Cartan forms 
Definition 2.1. Three-dimensional Minkowski space is the manifold IR 2,1 defined by 



Definition 2.2. A nonzero vector v e TxIR 2 ' 1 is called: 

• spacelike if (v, v) > 0; 

• timelike if (v, v) < 0; 

• lightlike or null if (v, v) = 0. 

In particular, the set of all null vectors v e T X IR 2,1 forms a cone in the tangent space T X ]R 2,1 , 
called the light cone or null cone at x. 

Definition 2.3. A regular surface £ C IR 2 ' 1 is called: 

• spacelike if the restriction of (•, •) to each tangent plane T X E is positive definite; 

• timelike if the restriction of (•, •) to each tangent plane T X E is indefinite; 

• lightlike if the restriction of (•, •) to each tangent plane T X S is degenerate. 

We will use Cartan's method of moving frames to compute local invariants for lightlike 
surfaces S C IR 2,1 under the action of the Minkowksi isometry group, which consists of all 
transformations (p : IR 2 ' 1 — > IR 2 ' 1 of the form 



where A e 0(2, 1) and b e IR 2 ' 1 . Ordinarily one might begin by considering the set of 
orthonormal frames (eo,e!,e 2 ) for the tangent space TxIR 2 ' 1 at each point x e S. However, 
because the restriction of the Minkowski metric (■, ■) to each tangent space T X E of a lightlike 
surface is degenerate, orthonormal frames are not easily adaptable to the geometry of lightlike 
surfaces. Instead, we will choose frames (e ,e 1 ,e 2 ) based at each point x e £ as follows: 

(1) Since each tangent plane T X S is lightlike, it must contain a unique null direction. 
Choose eo to be any nonzero vector parallel to this direction. 

(2) Every nonzero vector in T X S which is linearly independent from eo is necessarily 
spacelike; moreover, T X S consists precisely of all vectors in T^IR 2 ' 1 which are orthogo- 
nal to e . Choose e x to be any nonzero vector in T X S of unit length; i.e., (e^ ex) = 1. 

(3) Since ei is spacelike, the set of all vectors in T^IR 2 ' 1 which are orthogonal to ei is a 
timelike plane and therefore contains two linearly independent null directions. One 
of these directions is e ; choose e 2 to be a nonzero vector parallel to the other null 
direction in this plane. 

(4) Since e 2 ^ T X S, we must have (e ,e 2 ) ^ 0. By scaling e 2 , we can arrange that 
(e ,e 2 ) = 1. 

Taken together, the conditions above say that the vectors (e , ex) span the tangent plane T X S 
at each point x e £, and the frame vectors (e , ei, e 2 ) satisfy the inner product relations: 




with the indefinite inner product (•, •) defined on each tangent space T^IR 2 ' 1 by 

(v, w) = — v°w° + v 1 w 1 + v 2 w 2 . 



(2.1) 




(2.2) 



(e ,e ) = (e ,ei) = (ei,e 2 ) = (e 2 ,e 2 ) = 0, 
(e ,e 2 ) = (ei,ei) = 1. 
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We will call a frame satisfying these conditions 0-adapted. 

Now suppose that (e , e 1; e 2 ), (e , e 1; e 2 ) are two 0-adapted frames on a lightlike surface 
E. According to the conditions above: 

• §o must be a nonzero multiple of eo; say, eo = /ieo for some nonvanishing function \i 
on E. 

• From the inner product conditions (2.2) and the fact that ei G T X E, we must have 

ei = ±ei + Ae 

for some real- valued function A on E. The sign ambiguity can be avoided by requiring 
both frames to be positively oriented, so without loss of generality, we can assume 
that 

§1 = ei + Ae . 

• It then follows from the inner product conditions (2.2) that 

A 2 



e 2 



1 A 
-e 2 ei 



-eo. 



fj, fi 2fi 

Thus we see that any two (oriented) 0-adapted frames must differ by a transformation of the 
form 

fi A 

(2.3) [e §i e 2 ] = [e ei e 2 ] 



1 




2fj, 
A 



Furthermore, if (e , e 1; e 2 ) is any 0-adapted frame on E, then any frame (e , e 1; e 2 ) given by 

(2.3) is also 0-adapted. 

Remark 2.4. The 0-adapted frames on E may be regarded as the local sections of a principal 
fiber bundle n : Bo — > E, with structure group Go C GL(3) consisting of all invertible 
matrices of the form in (2.3). The group Go is referred to as the the structure group for the 

0- adapted frames on E. 

The Maurer-Cartan forms u a , Do associated to a 0-adapted frame (e , e 1; e 2 ) on E are the 

1- forms on E defined by the equations: 

(2.4) rfx = e a u a , 

(Note that all indices range from to 2, and we use the Einstein summation convention.) 
The 1-forms cu , w 1 , a; 2 are called the dual forms (or sometimes the solder forms), while the 
1-forms {w^, < a, f3 < 2} are called the connection forms. They satisfy the Maurer-Cartan 
structure equations: 

(2.5) du a 

du a a 



(See [S] for a discussion of Maurer-Cartan forms and their structure equations.) Differenti- 
ating the inner product relations (2.4) yields the following relations among the connection 
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forms: 
(2.6) 



UJ, 



o- 



CJ 



o- 



-Wi 



Thus we can write the matrix 



[u2] of connection forms as 



fi 



^2 



-w -wg 



If (e ,ei,e 2 ), (e ,ei,e 2 ) are two 0-adapted frames related by the equation 



[e §i e 2 ] = [e e 1 e 2 ] A 



(with A as in (2.3)), with associated Maurer-Cartan forms (u a , u^) , (u a , u^) , respectively, 
then equations (2.4) imply that 











= A~ X 










Co 2 




uj 2 



UJq 









uj 


UJ-y 












= A~ l dA + A' 1 


ujI 





-UJ 







~UJq 









-UJ 



More concretely, we have: 



(2.7) 





1 o A x 

= — ur ur — 


A 2 2 


Co 1 


= uj 1 + Aw 2 , 




u 2 








= UJq - XujI + - 


d/x, 


Col 


= l*>l, 




S? 


= -L° 1 + Xuj° 


- ^A 2 Wq + cZA 



.4. 



3. Reduction of the structure group and local invariants 

The method of moving frames proceeds by considering relations among the Maurer-Cartan 
forms on S. From the equation 

<ix = e uj° + eitu 1 + e 2 uj 2 

and the fact that fix takes values in the tangent space T X E at each point x 6 S, it follows 
that uj 2 = 0, and that uj°, uj 1 are linearly independent 1-forms which span the cotangent space 



4 



T^E at each point x G E. Differentiating the equation u 2 = and applying the relations 
g6) yields 

= c/w 2 = -w 2 , A u° - w 2 A w 1 



By Cartan's lemma (see [5]), we have 



for some function a\ on E. 



A a; 1 . 



Now suppose that we perform a transformation of the form (2.3). According to (2.7), the 
Maurer-Cartan forms (a) a ,a)?) associated to the new frame satisfy 



= /JCLiUJ 1 



Therefore, the transformed function Si, defined by the equation 



u)? = aid/, 



is given by 

(3.1) CL\ = \L(X\. 



According to (3.1), the function a\ is a relative invariant of the surface E: at each point 
x G E, a\ is either equal to zero for every 0- adapted frame based at x or nonzero for every 
0-adapted frame based at x. In order to proceed with the method of moving frames, we must 
assume that E is of constant type with respect to aj.; i.e., that a\ is either identically zero 
on E or never equal to zero at any point of E. The latter assumption is similar in flavor to 
assuming that a regular surface in M. 3 is free of umbilic points; in practice, it simply means 
that we must restrict our attention to the open subset of E where a% is nonzero. 

First we consider the case where a± = 0. 

Proposition 3.1. Let E be a connected, regular lightlike surface in M. 2,1 , and suppose that 
a\ = for every 0-adapted frame on E. Then E is contained in a lightlike plane in IR 2 ' 1 . 

Proof. If ax = on E, then we have = 0, and therefore 

In particular, the line spanned by eo is constant on E. Choose a point xo G E, and consider 
the function 

/(x) = (x - x ,e ) 

on E. We have 

df = (dx, e ) + (x - x , de ) 

= (e u° + eiw 1 , e ) + (x - x , eou^) 

= M°- 

Since /(x ) = 0, the existence/uniqueness theorem for ordinary differential equations guar- 
antees that the only solution of this equation on E is / = 0. Therefore, E is contained in 
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the lightlike plane passing through the point x and orthogonal to the (constant up to scalar 
multiple) null direction e . □ 



Now suppose that ai 7^ at every point of E. According to (3.1), there exists a 0-adapted 
frame on E for which a\ = 1. We will call such a frame 1-adapted. Any two 1-adapted frames 
on E must differ by a transformation of the form (2.3) with \i — 1; i.e., 

(3.2) 



[e ei e 2 ] = [e ei e 2 ] 



1 A -fA 2 " 



1 




-A 



The Maurer-Cartan forms associated to two 1-adapted frames related by (3.2) satisfy the 
equations (keeping in mind that to 2 = 0): 



(3.3) 



Co 1 
Co* 



to 



A^o, 



00, 



00, 



o- 



1 



Co° = lo° + Xco° - -A 2 ^ + dX. 

For any 1-adapted frame, we have 0Oq = oo 1 . Differentiating this condition yields 

= cLuq — duo 1 
= —Uq A w{} + A w° 
= (to* - co°) A W j 
= (lo° -lo°) Ato 1 . 



By Cartan's lemma, we have 
for some function a 2 on E. 



a 2 w 



According to (3.3), under a transformation of the form (3.2) we have 

Awn 



~,0 



(w° + a^ 1 ) - Aw 1 

(a; + Aw 1 ) + (a 2 - XP 1 



u° + CL200 1 . 



Therefore, the transformed function a 2 , defined by the equation 



~,o 



00, 



lo° + a 2 uo l , 



given by 

(3.4) a 2 = a 2 . 

In other words, a 2 is an invariant function on E. 
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Since the value of a 2 is the same for all 1-adapted frames based at a point xG E, we must 
consider additional derivatives in order to make further frame adaptations. Our next step is 
to differentiate the equation Uq = u° + a 2 uj l : 

= du°- d{u° + a 2 uj 1 ) 

= -u>° A ul + Uq A tu° + tu® A u 1 - da 2 Aw' + a 2 u^ A tu° 

= -(da 2 Aw 1 - a 2 Lul Aw°- (cu° + a 2 u l ) A lu°) 

= -(da 2 + 2a 2 cu°) A u; 1 . 

By Cartan's lemma, we have 

(3.5) da 2 = —2a 2 co° + a-^uj 1 

for some function 03 on S. According to (3.3), under a transformation of the form (3.2) we 
have 

da 2 = —2a 2 u)° + a^u 1 

= -2a 2 (u° + Xuj 1 ) + CL3UJ 1 
= -2a 2 u° + (a 3 - 2a 2 \)£j 1 . 
Therefore, the transformed function 0,3, defined by the equation 

da 2 = —2a 2 u° + a^ui 1 , 

given by 

(3.6) a 3 = a 3 — 2a 2 X. 

From (3.6), we see that the ability to normalize 03 depends on the value of a 2 : if a 2 ^ 0, 
then there exists a 1-adapted frame with 03 = 0; however, if a 2 = 0, then 03 is an invariant. 
So at this point we need to make another constant type assumption: we will assume that a 2 
is either identically zero on S or never equal to zero at any point of E. 

First consider the case where a 2 = 0. 

Proposition 3.2. Let S be a connected, regular lightlike surface in IR 2,1 with a\ 7^ 0, and 
suppose that a 2 = for every 1-adapted frame on S. Then £ is contained in a lightlike cone 
in IR 2 ' 1 . 

Proof. If a 2 = on S, then we have = u°, and so 

de = e UQ + 

= e tu° + eiu 1 

= G?X. 

Therefore, 

d(x - e ) = 0, 
and so there exists a point p 6 IR 2,1 such that 

x - e = p 
for every point x G S. But then we have 

x - p = e , 
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from which it follows that x — p is a null vector for every x G E. Thus E is contained in the 
lightlike cone based at p, defined by the equation 

(x- p,x- p) = 0. 

□ 

Now suppose that a 2 ^ at every point of E; we will call such a surface non- conical. 
According to (3.6), there exists a 1-adapted frame on E for which a% = 0. We will call such 



a frame 2-adapted. Any two 2-adapted frames on E must differ by a transformation of the 
form (3.2) with A = — which means that, in fact, there is a unique 2-adapted frame at each 



point of E. All that remains is to compute the remaining invariants associated to this frame. 

So far, we know that the Maurer-Cartan forms associated to a 2-adapted frame satisfy the 
following relations: 



0. 



(3.7) 



Ld = U 



co° + a 2 uj 1 . 



Moreover, from equation (3.5) and the fact that = 0, we have 
(3.8) da 2 = -2a 2 u°. 



Differentiating equation (3.8) yields 

-2da 2 A u° + 2a 2 (w° Au° + wf A u 1 ) 
2a 2 (w? - a 2 u°) Aw 1 . 







By Cartan's lemma, we have 



Co', 



a 2 u 



for some function 04 on E. Together with (3.7), this gives a complete set of relations among 



the Maurer-Cartan forms for a 2-adapted frame: 

• 2 -o, 



(3.9) 



(jj- 



u = tu 



Uq = u° + a 2 w 1 , 



cu® = a 2 cu° + (Z4U; 1 . 

According to the general theory of moving frames, the functions a 2 , 04 (and their derivatives) 
form a complete set of local invariants for non-conical lightlike surfaces. These functions are 



not entirely arbitrary: we already know that a 2 must satisfy the differential equation (3.8) 



and differentiating the equation for in (3.9) shows that CI4 must satisfy the differential 
equation 

(3.10) dcii = (a 2 — 204)0;° + 050/ 

for some function a§ on E. 
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4. Canonical coordinates and normal forms 

In this section we will construct canonical local coordinates in a neighborhood of each 
point of a non-conical lightlike surface. Then, using these coordinates, we will derive a local 
normal form for parametrizations of non-conical lightlike surfaces. 

First, observe that 

du° = -wg A u° - u>1 A u 1 

= + a 2 co 1 ) Au° - (a 2 oo° + a^u 1 ) A oo 1 

= a 2 u° Aw 1 - a 2 u° A tu 1 
= 0. 

By Poincare's lemma (see [5]), locally there exists a function u on E, unique up to an additive 
constant, such that 

to = du. 

Next, we have 

duj 1 = -Uq A lj q 

(4.1) =-UJ l ^UJ G 

= cu°Acu 1 . 

Since du 1 = mod u 1 , the Frobenius theorem (see [S]) implies that locally there exist 
functions v, a on E, with a ^ 0, such that 

tu 1 = a dv. 

The independence condition 

then implies that (u, v) form a local coordinate system on E, and so a may be regarded as 
a function <t(m, v). Then the structure equation (4.1) becomes: 

a u du A dv = a du A dv. 

Thus the function o satisfies the partial differential equation 

o u = 

and hence 

<t(u, v) = e u ao(v) dv 
for some nonvanishing function Uo(f ) on E. Moreover, since 

d(<To(v ) dv) = 0, 

Poincare's lemma implies that locally, there exists a function v on E such that 

<To(f ) dv = dv, 

and then 

Replacing v with {; (and dropping the tilde) produces local coordinates (u, v) on E such that 

(4.2) co° = du, co l =e u dv. 
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These coordinates are unique up to transformations of the form 



v — > e v + s, 



(4.3) u -> u + r, 
with r, s 6 R. 

Now consider the functions a 2 ,a A on £ as functions of {u, v). Equation (3.8) is equivalent 
to the PDE system 

{0-2)11 = -2a 2 , {a 2 ) v = 
for the function a 2 {u, v); thus we have 

(4.4) a 2 = ce~ 2u 

for some constant cGi Since we have assumed that a 2 7^ 0, we must have c 7^ 0, and by 
a coordinate transformation of the form (4.3), we can arrange that c = ±1. Moreover, by 
reversing the orientation of E if necessary, we can assume that c = 1. 
Now equation (3.10) is equivalent to the PDE 

(a A ) u = e~ Au - 2a A 

for the function a A {u,v); the general solution to this equation is 

(4.5) a 4 = -\e- Au + f{v)e- 2u , 

where f(v) is an arbitrary function of v. 

It is straightforward to check that with a 2 ,a A as above, all the Maurer-Cartan structure 
equations (2.5) are satisfied by the forms (3.9). According to Cartan's general theory of 
moving frames (see [3] for details), this guarantees the local existence of a lightlike surface E, 
together with a 2-adapted frame (e , e 1; e 2 ) along E whose Maurer-Cartan forms are precisely 
the forms (3.9). The equations (2.4) may be regarded as a compatible, overdetermined system 
of PDE's for the functions x, eo,ei,e2. Given any solution of this system, the function 
x(it,i>) is a local parametrization of a non-conical lightlike surface in IR 2,1 ; moreover, our 
constructions up to this point show that locally, every non-conical lightlike surface arises in 
this way. 

In order to examine the system (2.4) more closely, we first use equations (4.2), (4.4), (4.5) 
to write all the Maurer-Cartan forms as linear combinations of du, dv: 



(4.6) 



u 2 = 0, 

to = du, 

lu 1 = e u dv } 

Uq = e u dv, 

Uq = du + e~ u dv, 

w o = e ~ 2u du + (-h 



-3ti 



+ f(v)e~ u )dv. 



Substituting these expressions into the equations for the de a in (2.4) yields the following 
equations: 

de — e du+ (e~ n e + e u e 1 ) dv, 



(4.7) 



cfei = e- 2u e du + {{-\e~ Zu + f{v)e- 3u )e - e u e 2 ) dv, 

de 2 = - (e^ex + e 2 ) du - ((-^e" 3 " + /(w) e - 3u )e 1 + e~ u e 2 ) dv. 
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The (iw-components of these equations are straightforward to integrate: from the first 
equation, we have 

(e )„ = e , 

and therefore, 

(4.8) e = e u G (v) 

for some M 2,1 -valued function Gq(v). Substituting this expression into the (iw-component of 
the second equations yields 

(e 1 ) u = e- u G (v), 

and therefore, 

(4.9) e 1 = -e- u G Q {v) + G 1 {v) 

for some IR 2,1 -valued function Gi(v). Finally, the titt-component of the third equation be- 
comes 

(e 2 ) u = e- 3u G Q (v)-e- 2u G 1 (v)-e 2 , 

and therefore, 

(4.10) e 2 = -\e^ u G Q {v) + e - 2u G x {v) + e~ u G 2 (v) 

for some M 2 ' 1 - valued function G 2 (v). 

Now, substituting (4.8), (4.9), (4.10) into the cfo-components of equations (4.7) yields the 
following differential equations for the functions Gq(v),Gi(v),G 2 (v): 

G' (v) = Gi(v), 

(4.11) G\(v) = f(v)G (v)-G 2 (v), 

G'M = -f(v)Gi(v). 

This system is equivalent to the third-order ODE 

(4.12) G%{v) - 2f(v)G' (v) - f'(v)G (v) = 
for the function Gq(v), together with the equations 

Gi(v) = G' Q (v), 

G 2 (v) = f(v)G (v) - G'tfv) 

for G?i(u),G 2 (i;). 

It turns out that solutions of (4.12) are related to solutions of a second-order Sturm- 
Liouville equation associated to the function f(v) (see, e.g., [2] for a discussion of Sturm- 
Liouville operators): 

Proposition 4.1. Let h(v) be any real-valued solution of the Sturm- Liouville equation 



(4-13) 



- km h(v) = 0. 



Then the function g(v) = (h(v)) 2 is a real-valued solution of (4.12). Moreover, any real- 
valued solution g(v) of (4.12) is a linear combination of solutions of this form. 



n 



Proof. Suppose that h(v) satisfies (4.13), and let g(v) 
g' (v) = 2h(v)h'(v); 



(h(v)) 2 . Then 



g» 



in i \ 
% 0) 



2(h\v)f + 2h(v)h"(v) 
2{h'{v)f + f{v) {h{v)f- 

Ah'{v)h"{v) + f(v) (h(v)f + 2f{v)h{v)ti{v) 
2f(v)h(v)ti(v) + f{v) {h{v)f + 2f(v)h(v)ti(v) 
2f(v)g , (v) + f , (v)g(v); 



therefore g(v) satisfies (4.12) 



For the second statement, note that since (4.13) is a second-order, homogeneous, linear 



ODE, it has a 2-dimensional space of real-valued solutions spanned by two independent 



functions h±(v), h 2 {v). Since the solution space of (4.12) must contain all linear combinations 



of squares of solutions of (4.13), it must contain all linear combinations of the the three 
independent functions 

(4.14) (/^)) 2 , ki(v)hz(v), {h 2 {v)f. 



But the solution space of (|4.12|) is precisely 3-dimensional; hence every real-valued solution 

□ 



of (4.12) is a linear combination of the functions (4.14) 



It follows from Proposition 4.1 that the entries of any IR 2,1 -valued solution Gq(v) of (4.12) 



must be linear combinations of the functions (4.14). Moreover, the inner product relations 



(2.2) must hold for the frame (e ,ei,e 2 ) given by (4.8), (4.9), (4.10). Fortunately, the 
symmetries of the Maurer-Cartan connection forms guarantee that if the relations (2.2) 



hold at any point of E, then they hold identically on S. We can arrange this by imposing 



appropriate restrictions on the initial conditions for the ODE (4.12). 



Finally, substituting (4.8), (4.9) into the equation for dx in (2.4) yields 



e o; + excu 1 
= {e u G {v)) du + {-G {v) + e u G x {v)) dv 
= (e u G (v)) du + (-Go(u) + e u G' {v)) dv. 
Integrating this equation (and translating so that x(0, 0) = 0) gives 



(4.15) 

By an action of the Minkowski isometry group, we can arrange that 
"0' 

x(0,0)= . en 




x(it,«) =e u G (v) - / G (r)dr-G (0). 



1 

71 



"l" 




"o" 




1 


ei = 












1 





1 

71 



-i 
i 
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This corresponds to choosing initial conditions 

"l 

(4.16) G (0) 



1 

71 



G" (0) 



i • 

1 
1 



GS(0) 



7l(/(0) + l)' 
1 



for the function Gq(v) 



Together with Propositions 3.1 and |3.2[ this proves the following classification theorem: 



d2,1 



Theorem 4.2. Let E C 

Minkowski isometry of the form (2.1), E zs either: 

p2,l . 



6e a regular lightlike surface of constant type. Then up to a 



contained in a lightlike plane in 
contained in a lightlike cone in IR 2 ' 1 / 



or 



locally parametrized by (4.15), where Gq(v) is the unique solution of (4.12) satisfying 



the initial conditions (4.16), and f(v) is an arbitrary function of one variable. 



This theorem says that locally, a non-conical lightlike surface E in IR 2 ' 1 is completely 
determined by the choice of one arbitrary function f(v), and E can be constructed explicitly 
from solutions to the Sturm-Liouville equation (4.13) determined by /. 



As a consequence of the formula (4.15), we obtain the following corollary: 

Corollary 4.3. Every lightlike surface E of constant type in IR 2,1 is ruled by null lines. 

Proof. The statement is clearly true for lightlike planes and light cones, so suppose that E 
is non-conical. According to (4.15), each ^-parameter curve with v — Vo is a line parallel to 



the vector Gq(vq), which according to (4.8) is a multiple of the null vector e at each point 
of E. Therefore, the ^-parameter curves are null lines. □ 

5. Examples 

In this section we will construct examples of non-conical lightlike surfaces based on different 
choices for the function f(v). The simplest examples are those for which f(v) is a constant 



function, since then the Sturm-Liouville equation (4.13) can be solved explicitly. 
Example 5.1. f(v) = 0. In this case, solving the system (4.12), (4.16) for Gq(v) and 



x (u, v) 



substituting into (4.15) produces the parametrization 

^= (e u (3v 2 + Av + 4) - (t> 3 + 2t> 2 + 4t» + 4)) 

(e u (-3v 2 + 12v + 12) + (v 3 - 6v 2 - I2v - 12)) 

I (e u (3v 2 + 6v) - (v 3 + 3v 2 )) 

for E. This surface is shown in Figure [TJ (The x°-axis is shown as the vertical axis in all 
figures.) 
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Figure 1. Lightlike surface with f(v) = 



Example 5.2. f(v) = 1. In this case, solving the system (4.12), (4.16) for Gq(v) and 



substituting into (4.15) produces the parametrization 



,V2v, 



-V2v 



k (e^°((5V^ + 4)e u - 5 - 2y/2) + e~^ v {{h^/2 - A)e u + 5 - 2y/2) + 2^2(v - e u - 2) 



\ (e^ v {{V2 + 4)e" - 1 - 2y/2) + e~^ v {(V2 - 4)e" + 1 - 2y/2) + 2 v / 2(-3i; + 3e" - 2) 

| (e^((2>/2 + 2)e u - 2 - y/2) + e~^((-2>/2 + 2)e u - 2 + >/2) + 4(v - e u + 1 
for E. This surface is shown in Figure [2] 




Figure 2. Lightlike surface with f(v) = 1 
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Example 5.3. f(v) 



-1. In this case, solving the system (4.12), (4.16) for G (v) and 



substituting into (|4.15|) produces the parametrization 
x(u, v) - 



\ (y/2{2 - e u ) cos( v / 2w) + (1 + 4e u ) sin(V2t») - V2(5v - 5e" + 6)) 
± (y/2(2 + 3e u ) cos(V2v) + (-3 + Ae u ) sin( v / 2w) - >/2(u - e" + 6)) 



_ j ((2 - 2e u ) cos( v / 2v) + V^(l + 2e u ) sin(v^v) - O - 2e u + 2)) 
for E. This surface is shown in Figure [3j 




Figure 3. Lightlike surface with f(v) = -1 



For nonconstant functions f{v), equation (4.12) generally cannot be solved explicitly for 
Gq(v); however, we can still construct the corresponding surfaces x(w, v) via numerical inte- 
gration. Examples with f(v) = v and f(v) = sin(f) are shown in Figures [4] and [5] 
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